We use a simple dynamical model and explore coherent dynamics of wavepackets in complex networks of optical fibers. We start from a symmetric lattice and through the application of a Monte-Carlo criterion we introduce structural disorder and deform the lattice into a small-world network regime. We investigate in the latter both structural (correlation length) as well as dynamical (diffusion exponent) properties and find that both exhibit a rapid crossover from the ordered to the fully random regime. For a critical value of the structural disorder parameter ρ ≈ 0.25 transport changes from ballistic to sub-diffusive due to the creation strongly connected local clusters and channels of preferential transport in the small world regime.
I. INTRODUCTION
Small world networks have attracted great interest in the last decades due to the very broad applicability to real-life problems ranging from social networks, to physics, chemistry and biology [1] [2] [3] [4] [5] [6] . Some of the unique properties that arise in the small-world regime are robustness (high clustering coefficient), combined with efficient transport properties (low average path length) [7, 8] . Even though small-world networks have been extensively studied focusing on diffusive properties and using a classical statistical description, wave-like propagation properties have not attracted considerable attention yet. In the present contribution, the small-world concept is applied to a quantum mechanical, or equivalently to an optical system. In particular we model an optical fiber lattice that exhibits small-world network topology. The transport properties of this network are investigated and compared with those of an ordered as well as a uniformly random network. The dynamics of the system are governed by the amount of structural disorder present in the network.
Experimental investigations of disordered optical lattices indicate that a small amount of disorder is sufficient to lead to Anderson localization [9] [10] [11] [12] [13] . In this case the excited wavepacket does not disperse but instead remains partially localized due to the dielectric index disorder in the medium. A different source for localization is nonlinearity: when the interaction of the wavepacket with the medium is highly non-linear it can lead to selftrapping [14, 15] . For example, when a laser pulse interacts with a highly responsive medium, it can lead to self focusing and soliton formation [16] [17] [18] . Self-trapping is known to occur abruptly at a threshold which depends on the system properties such as size and geometry [19] [20] [21] [22] .
In the present letter we investigate primarily the impact of structural disorder on the wavepacket dynamics on a 2D lattice. The specific form of disorder used leads to the formation of a small world network lattice that is parametrized through a randomness parameter. Additionally, we observe the effects that nonlinearity may induce, viz. that nonlinearity rapidly leads to self-trapping, while structural disorder acts like a barrier creating channels in which transport is favoured, leading to anomalous diffusion.
II. THE SMALL-WORLD LATTICE
The physical system we are adressing consists of a lattice or network of optical fibers that permits light propagation along the fibers plus some interfiber interaction due to evanescent coupling. In Fig.1 we show an ordered square lattice, where the points correspond to the optical fibers position on the x-y plane. The fibers extend along the z direction, which in a paraxial approximation corresponds to time [23] . Initially, one of the fibers is excited and by measuring the intensity profile of the lattice for different cuts along the z-axis, one acquires the dynamics of the excited wavepacket on the lattice.
Starting from an ordered lattice, structural disorder is inserted to the system by applying a Monte-Carlo criterion. A disorder parameter ρ is introduced, which is the probability of moving a single point of the lattice to a new position. Sampling the whole lattice, the points are repositioned by decision (whether a random check between 0 and 1 is larger that ρ) to a new random position in the plane. The case ρ = 0 is the fully ordered case, while for ρ = 1 all the points have been repositioned at arbitrary positions yielding a uniform random network. In the intermediate regime 0 < ρ < 1 the lattice is partially disordered; we will show that a small amount of structural disorder is sufficient for the emergence of the small-world properties.
We can construct a network out of a 2D lattice by assigning the fibers as the network nodes while the interaction between the optical fibers are the edges. This treatment yields a weighted network [24] , where the weight of the edges depends on the distance between the points on the 2D plane in the following way:
where w ij is the weigth that links any two fibers labeled i and j respectively, r ij is the distance between these fibers, r 0 a characteristic lenght scale and A is weight amplitude. This form of edges models reasonably well the fiber crosstalk, i.e. the tunneling probability between fibers. In Fig.1b we show the networks that arise from the 2D lattices for the cases where ρ = 0, ρ = 0.1 and ρ = 1. To facilitate comparison between the three networks the edges are shown only above a certain weight (0.01%). The algorithm used to optimize the network topology is the spring embedding, which assumes a ballstring relationship between the nodes of the system. In the ordered case (ρ = 0) the network is a 2D manifold corresponding precisely to the 2D lattice. For a small amount of structural disorder (ρ = 0.1) a few nodes have been repositioned, creating holes on the one hand and patches of increased density on the other. This treatment leads to the formation of local clusters, making some of the nodes of the network highly connected and others more disconnected. This is the key feature of the network, which as we will see has an significant impact on the dynamics. In the fully random case (ρ = 1) the network has been essentially fractured to smaller fractions, which are very weakly connected among them. The exact value that the network passes to the fractured regime relates to the site and bond percolation threshold of the network [25, 26] .
An more common network graphical representation is the circular embedding, shown in Fig.1c . The nodes are placed on a circle and the corresponding edges are drawn between them. Then instead of repositioning the nodes like in the real 2D lattice and in the spring embedding, they are kept in fixed positions and instead the edges are redirected. From this point of view ρ can also be understood as the network rewiring probability. It has been shown that by following this procedure small-world properties arise at very small ρ's [7] . Using this approach we can analyse the disordered 2D lattice as a weighted network. This method allows us to make a direct connection between the lattice transport properties and the network topology and simplify the simulations by mapping the 2D lattice plane to a reduced adjacency matrix.
To quantify the structural local change of the lattice as a function of increasing structural disorder, we calculate the correlation length for different ρ's. This can be achieved by calculating the standard deviation of the correlation function of the disordered network, which is normalized with respect to the ordered lattice. In order to have a statistically good ensemble, we make 50 realizations for 500 different steps of the disorder parameter ρ. The resulting correlation length decays rapidly as a function of the disorder parameter, as can be seen from Fig.2 . To extract consistently a single value for the correlation length decay, we fit with a single exponential function (red curve) yielding ρ l = 0.28. As we discuss also below this value signals the regime between ordered and random network; this feature emerges in both the structural and dynamical aspects of the system. The corresponding offset of 0.26, observed for larger values of the disorder parameter is due to the finite system size (400 points). For small χ's the system exhibits ballistic behaviour, whereas for larger ones (χc = 7.5) the wavepacket remains partially localized and finally becomes self-trapped.
III. DYNAMICS
To simulate the dynamics of the excited wavepacket on the 2D lattice use the discrete nonlinear Schrödinger equation (DNLS) [19] [20] [21] 27] :
where V is the network adjacency matrix, which contains the weights between the vertices. The second term introduces anharmonicity with the nonlinearity parameter χ. The DNLS equation is an ideal choise to depict the evolution, because it can describe realistically the tunneling of a wavepacket through optic fibers and allows one to explore the influence of nonlinearity on the dynamics. The resulting dynamics are displayed on Fig.4 . Initially the wavepacket is placed in the central lattice site; in an experiment, this initial condition corresponds to the excitation of a single fiber. In the vertical sections we show selections of snapshots from the evolution of the wavepacket, while on the right hand side we portray the wavepacket mean-square-displacement (MDS) as a function of time. In the ordered lattice with no nonlinearity (Fig.4a) , where ρ = 0 and χ = 0 the wavepacket spreads ballistically. This is quantified through the function f (t) = D · e α·t , where D is the diffusion coefficient and α the diffusion exponent. In the ballistic case, the fit yields α = 2 (blue line). We note that these results correspond to finite system behaviour that stop every time light reached the edge fibers due to diffraction.
We also examine the influence of nonlinearity in the ordered lattice (Fig.4b) . As expected from previous investigations [19] [20] [21] [22] , self-trapping of the wavepacket occurs abruptly above a certain value of the nonlinearity param- eter χ. This is characteristically depicted on the dynamics, as can be seen from the snapshots for χ = 10. Even though the wavepacket initially spreads (t=1), due to the intense self-interaction introduced by the nonlinear term it is then trapped to the initial site (t=3). Additionally, a small fraction of the wavepacket spreads through the rest of the lattice. The mean-square-displacement of the wavepacket is shown for different values of the nonlinear parameter (χ = 0, .., 10) on the right-hand panel.
One can see that the wavepacket exhibits normal diffusion for smaller values of the nonlinearity parameter, whereas a rapid change of behaviour occurs for greater χ's. This feature becomes clear when plotting the fitted diffusion coefficients α as a function of the nonlinearity parameter (Fig.3) . When increasing nonlinearity, the system changes from normal diffusion to partial delocalization and finally to self trapping. A sigmoidal function fit (stretched exponential -red line) yields the characteristic value of χ c = 7.5, which signifies the passing to the self-trapped regime. This feature has been studied ex- tensively in previous investigations, where it was shown that the value χ critically depends on the system size and geometry [19] [20] [21] [22] . Here, we see that this property also holds for the 2D lattice and additionally discover that a small fraction of the wavepacket is not trapped.
An alternative way to localize the excitation is by incorporating disorder, which has been previously observed theoretically and experimentally in optical lattices [9] [10] [11] [12] [13] . Using the procedure described in Fig.1 , structural disorder is introduced to the system and the dynamics is examined in the regime in between an ordered lattice and a completely random one. In Fig.4c we show snapshots from the dynamics in a lattice with disorder parameter ρ = 0.3. Naturally, structural disorder acts like a barrier, slowing down dramatically all dynamics while creating new channels of transport as can be seen clearly in the latter snapshots (t = 10 5 ). As a result the diffusion coefficient decreases, in this case to α = 1.14 (the traces shown in the disordered cases are averaged over 50 different lattices). Finally for a completely random lattice (Fig.4d -ρ = 1) we observe that the wavepacket remains localized within the observed timescales and exhibits sub-diffusion with corresponding diffusion coefficient α = 0.29. This behaviour is quantified in Fig.5 , where is shown the diffusion coefficient α as a function of the disorder parameter ρ. We consider this as the main result of the paper: the system passes from normal diffusion to sub-diffusion with increasing structural disorder, even though nonlinearity is absent. A characteristic value of ρ c = 0.22 is extracted from the fit (stretched exponential -red line), which signifies the passage to sub-diffusive behaviour. The residual offset (α 0 = 0.23) is due to trapping of the wavepacket in the initial position, which exhibits Anderson-like localization. The transition to sub-diffusion signifies the passage from an ordered network to a small-world regime.
IV. CONCLUSIONS AND OUTLOOK
In the present paper is discussed a simple model describing the dynamics of a wavepacket in an 2D lattice, in the presence of structural disorder and nonlinearity. In an experiment, the 2D lattice can refer to the tips of an optic fiber network; the dynamics examined refer to the excitation of one fiber and recording the intesity of the surrounding ones.
In an ordered lattice with no nonlinearity, we observe, as expected, that the system exhibits ballistic behaviour. Non-linearity is introduced through the DNLS equation, which lead to self-trapping for values larger than χ c = 7.5. On the other hand, structural disorder is introduced to the system by mapping the 2D lattice to a network, and repositioning the nodes with a Monte-Carlo criterion and probability ρ. As structural disorder increases, we observe a transition with regard both the structural and dynamical properties of the system at about ρ = 0.25. The correlation length decreases rapidly (ρ l = 0.28) and a passage is noted from normal diffusion to sub-diffusion (ρ c = 0.22). From the network analysis this result is understood as a signature of the small-world regime: strongly connected local clusters are created, which are weakly connected among them, and therefore channels of preferential transport arise, leading to sub-diffusion.
Preliminary results indicate that the combination of structural disorder with nonlinearity leads to almost complete localization of the wavepacket, for values bellow the self-trapping threshold (χ c = 7.5), which is in agreement with previous investigations [21, 22] . A more detailed investigation is under way, which will be presented along with more realistic simulations, in the future. Finally, it would be very illuminating to perform the experiments discussed here and actually see whether one can control diffusion through the lattice geometry (disorder) and laser intensity (nonlinearity), and probe experimentally the small-world regime.
